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Inertial and resistive end corrections for the Greenspan acoustic viscometer were computed using
a boundary-integral-equation technique for determination of the acoustic �eld. Viscous e�ects were
estimated using a boundary-layer approximation. The results apply to a circular duct coupling two
concentric chambers and to ducts terminated by in�nite plane ba�es. The e�ects of rounding the
sharp edge at the duct end were investigated and found to be described by simple scaling relations.

I. INTRODUCTION

The Greenspan acoustic viscometer (Fig. 1) consists
of a cylindrical duct coupling two chambers whose vol-
umes are large compared with the volume of the duct.
Gillis et al.

1;2 have shown that the Greenspan viscome-
ter is an accurate and convenient device for measuring
the viscosity of gases. A full theory of the viscometer
requires modeling the inertial and viscous e�ects of the
convergent/divergent ow at the duct ends. These e�ects
are investigated numerically in this paper. The present
results are required if the uncertainty of viscosity mea-
surements is to be reduced from approximately 1% to the
order of 0.1%.
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FIG. 1. Cross-section of Greenspan viscometer. The shad-
ed portions are metal; the gas under test �lls the open areas
of the resonator. The transducers and �ll duct are omitted.

The theory of the Greenspan viscometer is based on
the linear equations introduced by Kirchho� to describe
the coupled temperature, pressure, and velocity �elds in
gases.3 In particular, the exact solutions of Kirchho� are
used to calculate the ow impedance of the viscometer
duct. For in�nitely long ducts and the range of parame-
ters in typical applications, the calculations of the duct

impedance can be regarded as exact. End corrections
are, however, important for the ducts of convenient ex-
perimental designs.
In this work the acoustic �eld � and eigenvalue k are

calculated for model shapes in the approximation of rigid
boundaries and negligible dissipation. From these solu-
tions, it is possible to determine the inertial end correc-
tion without further approximation, and to determine the
�rst-order coeÆcient of viscous end e�ects.
A boundary-integral-equation (BIE) formalism was

used in the calculations. For axisymmetric shapes like the
Greenspan viscometer, the boundary value problem for
the acoustic �eld can be expressed as a one-dimensional
integral equation whose solution yields both the eigenval-
ue k and the eigenfunction, or velocity potential, �. This
integral equation has been solved for Greenspan viscome-
ters with a wide variety of dimensions. Analysis of the
numerical results yielded values of the inertial and resis-
tive end corrections. Among the advantages of the BIE
technique is the exact representation of surfaces generat-
ed by rotating curves of arbitrary shape. Thus it has been
possible to alter the resonator cross-section by replacing
sharp corners with chamfered corners, and to evaluate
the e�ects of chamfering on the inertial and resistive end
corrections. Experimental determinations2 of the inertial
and resistive end e�ects are in good agreement with the
calculations reported here.
The paper is organized as follows. The next section

is a review of the acoustic model of the Greenspan vis-
cometer, with emphasis on de�ning the parameters which
need to be evaluated numerically. Some supporting ma-
terial is in Appendix A. Duct-end e�ects are discussed
in Sec III. Section IV is a summary of the numerical
approach, with further detail in Appendix B. The re-
mainder of the paper is a presentation and discussion of
the numerical results.

II. GREENSPAN VISCOMETERS

Martin Greenspan suggested the use of a double-
Helmholtz resonator for measuring the viscosity of gases
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in 1953.4 Recent experimental work1;2 demonstrated that
such resonators, now called Greenspan viscometers, are
capable of measuring the viscosity of gases with an un-
certainty less than 1%. Figure 1 shows the viscometer
shape and de�nes some dimensions used throughout this
paper. A cylindrical coordinate system concentric with
the duct and chambers, with the origin at the center of
the resonator, will also be assumed, unless noted other-
wise.
The Greenspan viscometer has a low frequency mode

in which the gas in the duct oscillates between the two
chambers. For this mode, the contours in Fig. 2 show
that the acoustic velocity within the duct is nearly con-
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FIG. 2. The acoustic �eld near a duct end, for radial co-
ordinate r � 0 and axial coordinate z along the axis of sym-
metry of the viscometer. The dark rectangle represents a
half-cross-section of the end of a duct wall between radii rd
and r0

d. The �eld is shown as contours of uniformly spaced
velocity potential (or pressure), as calculated in this work.

stant. A zero-order approximation to the (circular) os-
cillation frequency can be obtained by assuming that gas
in the duct has a constant velocity, and that the main
e�ects of the chambers is a pure compliance. This leads
to

!2
0 =

2c2Ad

LdVc
; (1)

where c is the speed of sound, Ad is the cross-sectional
area of the duct, Ld is the length of the duct, and Vc is the
volume of a single chamber. For practical viscometers,
the product of the corresponding propagation parameter
k0 = !0=c and a typical resonator dimension is small
compared with unity.
Practical acoustic viscometers must be described by an

acoustic model which includes viscous and thermal dissi-
pation. The model is de�ned most succinctly by an equiv-
alent circuit of acoustic elements.1 The duct element is a
T-equivalent circuit which represents the Kirchho� equa-
tions.3 The duct ends and the chambers are represented

by series combinations of ori�ce impedances Zend and
chamber impedances ZV . Each of these lumped-circuit
components is de�ned as the ratio of an acoustic pres-
sure di�erence divided by a volume velocity. The cham-
ber impedances can be modeled with accurate analytic
approximations which include the e�ects of the thermal
boundary layers at the chamber walls. The acoustic ve-
locity �eld in the chambers is negligibly small except for
the region within a few duct radii of the duct end. The
inertial and dissipative e�ects of the velocity �eld within
the chamber are thus localized and are most conveniently
included in the ori�ce impedance.
The Kirchho� equations provide an essentially ex-

act description of the coupled pressure, temperature,
and vorticity �elds in ducts of in�nite length. At the
Helmholtz resonance of the viscometer, the ow in the
duct is nearly uniform with a pressure node at z = 0.
This point is also a node for the acoustic temperature.
The full theory shows that temperature oscillations in the
duct are so weak that dissipation in the duct is almost
entirely due to viscous e�ects. (The full model accounts
for the small thermal losses in the chambers.1)
Near the ends of the duct the Kirchho� equations fail

to represent the �eld accurately. The full solution in
the duct could in principle be represented as the sum of
the contributions from a single propagating mode and an
in�nite number of evanescent modes. The latter decay
within a few duct radii of the ends. The viscous and
inertial e�ects of the evanescent waves, and the viscous
and inertial e�ects of localized �elds in the chambers near
the ori�ces, are included in the ori�ce impedance. An
approximate theory of the end e�ects is developed in the
next section.

III. DUCT END EFFECTS

The acoustic �elds near acoustic ori�ces in thin plates
and at the ends of ducts have been been widely inves-
tigated.5{25 The inertial e�ects are commonly expressed
in terms of a lumped impedance i!�ÆI=Ad. Here � is
the gas density, i!�=Ad is the inertance per unit length
for nondissipative acoustic ow in a duct, and ÆI is the
inertial end correction. Rayleigh5 gives the exact val-
ue ÆI = �rd=4 for an ori�ce in an in�nitesimally thin
plate, and obtained an approximate value ÆI � 0:82 rd
for a duct end with an in�nite plane ba�e. The latter
estimate was improved by Daniell,6 and recently recal-
culated by Norris and Sheng,24 who obtained 0:82159 rd.
Rayleigh's expression for the exact ow velocity in the
in�nitesimally-thin ori�ce uz / 1=

p
1� r2=r2d has a sin-

gularity of order s�1=2 at the ori�ce edge, where s is the
distance from the edge. The tangential velocity on the
plate has a similar singularity.10 The weaker singular be-
havior near the corner of an ba�ed end, s�1=3, was built
into the trial solutions used by Daniell. Unba�ed duct
ends were investigated by Levine and Schwinger.9 In the

2



limit of an in�nitesimally thin duct wall, the velocity near
the end of the duct has a singularity of order s�1=2, and
the inertial end correction is approximately 0:61 rd. As
the thickness of the duct wall is increased from very small
to large values, the inertial end correction varies uniform-
ly between the limits for thin ducts and in�nitely-ba�ed
ducts.20;25

Viscous forces associated with the divergences in the
tangential ow near a duct end are the sources of addi-
tional contributions to the ori�ce impedance, which can
be estimated (in the linear regime) using ideas that were
apparently �rst applied to ori�ces by Nielsen.10;16 The
ow is represented by a superposition of acoustic and vor-
ticity waves which together satisfy a nonslip boundary
condition on solid boundaries. The vorticity waves are
con�ned to a layer near the solid boundaries of approx-
imate thickness Æv =

p
2�=�!, where � is the viscosity.

When the viscous penetration length Æv is small com-
pared with other dimensions, and the surface curvature
is large compared with Æv , the transverse ow velocity
near a boundary is approximately

ut(�) � ua;t[1� e�(1+i)�=Æv ]: (2)

where � is the distance from the duct wall, and ua;t is
the transverse acoustic velocity near the wall. The cor-
responding force per unit area of boundary surface is

�
@ut
@�

����
�=0

=
�

Æv
(1 + i)ua;t =

1
2�!Æv(1 + i)ua;t: (3)

Nielsen estimated the ori�ce resistance by integrating
the corresponding rate of dissipation per unit area,
1
4�!Ævu

2
a;t. In his application to an ori�ce in a thin

plate, the divergent integral had to be cut o� at dis-
tance of order Æv from the ori�ce edge. For duct end-
s, the weaker divergence in the tangential ow velocity
leads to a convergent integral, similar to the treatment
of step-discontinuities in an in�nite plane duct by Morse
and Ingard.26

Panton and Miller22 correlated the work of Thurston,11

Ingard,16 Thurston et al.
17 and Ingard and Ising19 on

the impedance of ori�ces in thin plates. They found that
the ori�ce inertance was constant below a mean ori�ce
ow velocity of about 0:3 Æv!, and that the ori�ce resis-
tance was constant below a mean ori�ce ow velocity of
about 2 Æv!. These results support the existence of a low-
velocity linear regime, where the Greenspan viscometer
is intended to operate. The nonlinearity thresholds for
thin plates and ba�ed duct ends may di�er considerably,
however, because the singular behavior of the tangential
velocity in the limit of zero viscosity is di�erent for the
two cases.
The combined inertial and viscous contributions to the

ori�ce impedance can be conveniently expressed

Zend =
�!

Ad
[iÆI + (i+ 1)ÆR]; (4)

where the two components associated with the viscous
boundary layer are represented by a the ori�ce resistance
parameter ÆR. This parameter can be determined by cal-
culating the additional dissipation near the duct end.26

The total, time-averaged, rate of energy loss due to the
viscous boundary layer in an axisymmetric resonator is

P = �
2 �!Æv

Z
u2a;tr ds; (5)

where ds is the element of arc length in the longitudinal
cross-section of the viscometer. A portion P0 of this loss
will be included in the Kirchho� equations representing
the duct. The acoustic velocity in the duct, in the limit
of small Æv=rd, is uz = uz0 cos kz, where k = !=c, so that

P0 =
�
2 �!Ævrdu

2
z0

Z Ld=2

0

cos2 kz dz: (6)

The total power loss

P = P0 +
1
2 (�!ÆR=Ad)U

2 (7)

exceeds P0 because of the localized additional losses near
the duct end. Here U = Aduz0 cos(kLd=2) is the volume
ow out of the duct. Equation (7) can be used to deter-
mine ÆR once the total power loss has been determined
numerically.
The inertial length ÆI can be obtained most conve-

niently and with high accuracy by using the resonance
condition

k tan(kLd=2) + k2ÆI �Ad=Vc = 0; (8)

derived from the equivalent-circuit model of the viscome-
ter,1 together with numerically determined values of the
resonance parameter k. An alternative procedure, de-
scribed later, is more directly related to the de�nition of
inertance, but is less convenient because it requires cal-
culation of the ow in the ori�ce at the duct end. The
two methods yield equivalent results.

IV. NUMERICAL APPROACH

In the limit of small dissipation, the acoustic pressure
within the resonator is proportional to the velocity po-
tential �, a solution of the boundary value problem

(r2 + k2)�(r) = 0; r 2 C;
@�
@n

= 0; r 2 S;
(9)

i.e., the Helmholtz equation in the resonator C subject
to a Neumann boundary condition on the resonator sur-
face S. An equivalent form of the same boundary-value
problem is the integral equation

�(r0) 
(r0) = �

Z
S

�(r) n �rG(r0; r) dS; (10)
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where r and r0 are both on S, 
(r0) is the internal solid
angle subtended by S at r0, and the fundamental solu-
tion, or Green's function, is

G(r0; r) =
eikR

R
; R = jr � r

0j: (11)

Solutions of this integral equation yield both the eigen-
frequency ! = ck and the velocity potential � on the sur-
face of the resonator. The numerical procedure described
below enables the determination of smooth approximate
values of the tangential velocity ua;t = �0 on the res-
onator boundary, as required for accurate calculations of
ÆR.
The cross-sectional area of a Greenspan viscometer

which is both axisymmetric and has mirror symmetry
with respect to the z = 0 plane can be represented by
parametric equations r(t) and z(t), both symmetric in t,
with the mid-plane at t = 0. The velocity potential on
the surface can be written as a function of the parameter
t. In Appendix B it is shown that �(t) is the solution of
a one-dimensional integral equation

�
(t0)�(t0) =

Z
gn(t

0; t)�(t)h(t)r(t) dt; (12)

where ds, the element of arc length in the cross-section,
is equal to h(t)dt, and gn(t

0; t), is a kernel with a loga-
rithmic singularity at t = t0.
An approximate solution of the integral equation (12)

can be formulated as a series of Hermite cubic polyno-
mials, each de�ned on a portion of the boundary. The
solutions of interest have odd symmetry �(t) = ��(�t).
It suÆces to de�ne the geometry for z � 0 and to use
this symmetry in formulating a solution. It is convenien-
t to divide the resonator cross-section, or generator, for
z � 0, into N elements, with the jth element correspond-
ing to j � 1 � t � j. The elements could be chosen to
have arbitrary shapes. However, shapes with sharp and
rounded corners can be represented with only two types
of elements: straight lines and circular arcs. The res-
onator shape is treated exactly within these constraints.
The velocity potential �(t) is approximated as a series

of cubic Hermite polynomials so that, by construction,
both �(t) and the tangential derivative �0 = d�=ds are
continuous at the nodes dividing the elements. (The lat-
ter condition cannot be applied at reentrant corners, as
explained below.) The coeÆcients in the polynomial rep-
resentation are the eigenfunction �j and its tangential
derivative �0j at nodes j = 0; 1; : : : ; N . There are thus
2(N+1) unknown coeÆcients in the representation of the
eigenfunction and its derivatives. By requiring that the
approximate solution satisfy the integral equation (12) at
each of the nodes, N + 1 linear equations are obtained.
Additional linear equations can be obtained by requiring
that the second derivatives �00 be continuous at most of
the internal nodes. This condition must be modi�ed at
corners, as described below. Two additional condition-
s are �(0) = 0 (at the plane of mirror symmetry) and

�0 = 0 for nodes on the axis (unless there is a cusp in
the chamber cross-section). With appropriate conditions
at each internal node, a total of N + 1 additional linear
equations is obtained. The solution to this set has the
form

�0j =

NX
l=0

Djl�l: (13)

The tangential derivatives can now be eliminated from
the N+1 equations which approximate Eq. (12); this set
can now be expressed

NX
j=0

Aij(k)�j = 0; (14)

where the matrix elements Aij(k) are obtained by numer-
ical integration over the elements of appropriate products
of the basis functions and the kernel of the integral equa-
tion, and subsequent elimination the �0j terms through
Eq. (13).
Approximate values of the eigenvalue k are obtained

by requiring the determinant of matrix Aij(k) to vanish.
Once k is determined, the �j can be determined from
Eq. (14), and the �0j from Eq. (13). Smoother value of
�j and �

0

j can be obtained by solving Eq. (14) by inverse

iteration.27

A. Corners

Near corners the eigenfunctions will have a two-
dimensional character whose limiting behavior is restrict-
ed by the boundary conditions. Consider a (tempo-
rary) cylindrical coordinate system with polar coordi-
nates (�; �; �). Assume that the � axis corresponds to
a corner and that the boundaries are at � = 0 and �c,
i.e., �c is the interior angle at the corner. Solutions of
the Helmholtz equation expanded about the corner have
the form

� =
X
l

[al cos(�l�) + bl sin(�l�)]J�l (k�): (15)

The Neumann boundary condition, @�=@� = 0 at � = 0
and � = �c, requires that all bl = 0 and that �l�c be
a multiple of �. Accordingly, the lowest nonzero Bessel-
function index is �1 = �=�c. For a 1

2� internal corner

this is �1 = 2; for a 3
2� reentrant corner it is �1 = 2

3 .
The leading term in the expansion of the Bessel function
is (k�)�1 . Accordingly, at 1

2� internal corners the eigen-
function � will have a vanishing tangential derivative as
the corner is approached. This is the supplementary con-
dition used instead of continuity of �00 at corner nodes
with interior angle 1

2�.

For a 3
2� reentrant corner at node lc the eigenfunction

will have a limiting behavior of the form, with s� sc the
arc length from the corner and C a constant,
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� = �lc � Cjs� scj
2=3; (16)

which has a singular tangential derivative. An improved
approximation to �(t) was obtained by using, on the
elements adjacent to 3

2� reentrant corners, suitably de-
�ned basis functions with this limiting behavior. Because
the continuity condition on �0 cannot be imposed at a
reentrant corner, an alternative linear equation was re-
quired. This was obtained by use of Eq. (15) through
order js� scj

2 to relate values of �j for j = lc and lc� 1
and values of �0j for j = lc � 1. (The approximations to
� on the singular elements adjacent to corner nodes do
not involve the parameter �0lc , which was left unde�ned
for singular elements.)

B. Shapes investigated

Numerical calculations were carried out for many vari-
ations of the geometry shown in Fig. 1. Five series of cal-
culations were carried out for viscometers with the duct
ends ush with the chamber walls (Li = 0). For each
series the duct radius was varied from 0:02 rc to 0:5 rc.
The series di�er in the ratio of the lengths rc, Lc, and
Ld. For series C these lengths were in the ratio 1:2:2.
The e�ects of halving and doubling the duct length were
checked with series B (1:2:1) and D (1:2:4). The e�ects of
halving and doubling the chamber lengths were checked
with series A (1:1:2) and E (1:4:2). The duct-end e�ects
were found to depend most strongly on the ratio rd=rc
and only weakly on the other dimensions. The e�ects of
rounding the ori�ce edges were investigated mainly with
the series C shapes, but checked with series A.
For the viscometers with Li 6= 0, as used in recent ex-

periments, the duct extends into the chambers a distance
Li (the insertion length). The dependence of the ori�ce
parameters on this length was investigated for a shape
typical of the shapes used in recent experiments.2 The
e�ects of duct-wall thickness were also calculated.

C. Grid generation

Uniform spacing of the nodes does not yield optimum
approximations of the eigenfunctions. Instead, the node
spacings hj were scaled to provide greater detail in re-
gions where the eigenfunction was varying most rapidly,
i.e. near reentrant corners. The numerical code was
constructed so that a maximum node spacing hmax was
used for surfaces where � is weakly varying. The spacing
was uniformly graded down to a minimum node spacing
hmin at reentrant corners, as shown in Fig. 3. The �gure
shows two singular elements of length hmin at the sharp
corner, with neighboring normal elements of the same
length, next-nearest neighboring elements graded up one
step, etc. Various grading scales were tested. Typically
the ratio of the lengths of adjacent elements was chosen
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FIG. 3. Node positions near sharp and chamfered corners.

to be between 1.05 and 1.1. The maximum and min-
imum node spacings were typically hmax = rc=40 and
hmin = rc=4000 or rc=400. The number of elements N
varied from 216 to 404, depending on the series and on
hmin. The results reported in this paper have been calcu-
lated with many grid con�gurations and do not depend
signi�cantly on the details of the grids used.
The e�ects of chamfering reentrant corners was inves-

tigated by replacing the singular elements and adjacent
straight elements by circular-arc elements; the node spac-
ing on the circular-arc elements was always hmin, with hj
graded upward in the straight elements adjacent to the
circular-arc elements.

V. NUMERICAL RESULTS

Figure 4 shows the cross-section of a viscometer and
the numerically computed values of �j and j�

0

j j. As ex-
pected, the eigenfunction is nearly constant within the
chamber, and has a nearly linear dependence within the
duct. The behavior near the duct ori�ce is more visi-
ble in the plot of j�0j, which clearly shows the singular
behavior. The singular behavior near the ori�ce edge is
shown more clearly in Fig. 5. (The use of nonsingular
basis functions in the elements adjacent to the reentran-
t corner yielded numerical values of �j and �0j nearly
identical to those plotted here.)
Equation (10), with 
(r0) = 4� at internal points r0,

can be used to calculate internal values of the velocity po-
tential from the boundary values. Figure 2 shows some
typical results near an ori�ce of a duct extending into a
chamber. The ow pattern is typical; within the cham-
ber the acoustic velocity drops rapidly over a distance of
order rd.

A. Eigenvalues and inertial end corrections

For each shape investigated, the eigenvalue k was cal-
culated with at least two grid con�gurations. The results
typically agreed to within a few parts in 108. A conve-
nient method of summarizing the results is to use the
numerical value of k and the viscometer dimensions, to-
gether with the equivalent-circuit model in the limit of
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FIG. 4. Top: Outline of viscometer cross-section, with
Lc = rc = Ld=2 and rd = rc=10. Center and bottom: plots
of �j and j�0

j j at 321 nodes along the viscometer boundary,
as a function of arc length along the boundary from reference
point A to reference point E. The computed eigenvalue for
this case is k = 0:00245150=rd .

no dissipation, and to calculate the inertial end correc-
tion ÆI . Somewhat greater consistency of the results can
be obtained by the separation ÆI = Æ0I + Æ00I , where most
of the e�ects of chamber length are included in the term
Æ00I .
In Appendix A it is shown that a cylindrical chamber

with a concentric circular ori�ce in which the normal uid
velocity is uz(r) has an input impedance equal to the sum
of

Z
0

in =
�c2

i!V

kLc

tan kLc
(17)

and

Z
00

in =
4ik�c

�rd

1X
n=1

AnJ1(z0nrd=rc)

[z0nJ0(z0n)]2
Fn(k) (18)

Here z0n is the nth root of dJ0(z)=dz = 0. The other
quantities are

An =

Z rd

0

~uz(r)J0(z0nr=rc)r dr; (19)

Distance from ori�ce edge (rd)

�0

10:1

0:1

0:01

0:01

0:001

FIG. 5. The tangential derivative �0 at nodes in the duc-
t (triangles) and chamber (open circles) near the ori�ce, as
functions of the distance from the ori�ce edge in units of the
duct radius rd, showing the expected divergent behavior. Vis-
cometer dimensions are rc = Lc = Ld=2, rd = rc=10.

where ~uz(r) is uz(r) divided by its value averaged over
the ori�ce, and

Fn(k) =
coth[(z0nLc=rc)

p
1� (krc=z0n)2]p

1� (krc=z0n)2
� 1: (20)

The �rst contribution, Eq. (17), is the zero-dissipation
input impedance of the chamber modi�ed for its �nite
length through the factor

kLc= tan(kLc) = 1� 1
3 (kLc)

2 +O(kLc)
4: (21)

Equation (17) is thus approximately

Z
0

in �
�c2

i!V
+
i!�Lc

3�r2c
: (22)

The second term has the frequency/phase signature of an
inertial term; the corresponding contribution to ÆI is

Æ00I = 1
3 (rd=rc)

2Lc: (23)

Similarly, the larger contribution to ÆI from Eq. (18) is

Æ0I = 4rd

1X
n=1

AnJ1(z0nrd=rc)

[z0nJ0(z0n)]2
Fn(k): (24)

The inertial end corrections Æ0I were calculated for each
resonator geometry using the numerical values of k and
a modi�ed form of Eq. (8), in which Vc was replaced by
Vc tan(kLc)=(kLc), so that the e�ects of �nite chamber
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size expressed in Eq. (17) are accounted for. Average re-
sults for the 5 series of viscometers are shown in Fig. 6.
The results for the individual series di�er from the av-
erage by a maximum of 0.001 at rd=rc = 0:5, and by
a much smaller amount in range of typical application-
s rd=rc � 0:1. Thus separation of the Æ00 term accounts
for nearly all dependence on viscometer dimensions other
than the ratio rd=rc. A linear �t to the data in the range

rd=rc

�0

I

rd

0:0 0:1 0:2
0:2

0:3 0:4

0:4

0:5

0:6

0:8

FIG. 6. Inertial end corrections Æ0

I calculated from numer-
ical eigenvalue k. The solid line was calculated for a model
ow �eld in the ori�ce. The dotted line is Ingard's result for
uniform ow in the ori�ce.

rd=rc � 0:1 yielded

Æ0I=rd = 0:82159� 1:1020rd=rc: (25)

The correctness of this result is supported by the agree-
ment, to �ve decimal places, of the constant term with
the recent calculation of Norris and Sheng.24

The decrease with increasing duct radius is due to the
change in coupling to the chamber modes in Eq. (24). In-
gard16 used a similar expression with a piston (constant)
approximation to uz in the ori�ce, for which

An = 2J1(z0nrd=rc)=(z0nrd=rc):

The dotted line in Fig. 6 was calculated using this ex-
pression. It clearly overestimates the end correction. A
better result is obtained by using an approximation to
the actual ow

~uz = A+BX + CX�1=3; (26)

with X = 1� (r=rd)
2. The coeÆcients in this expression

were obtained by calculating internal values of � for a se-
ries A viscometer with rd=rc = 0:05. The results (similar

to those in Fig. 2) were numerically di�erentiated to ob-
tain uz in the plane of the ori�ce. Equation (26) was �t
to the results to obtain the coeÆcients A = 0:249�0:002,
B = 0:032�0:002, and C = 0:490�0:001. With these co-
eÆcients, the An were computed using Eqs. (19) and (26),
and Æ0I=rd = 0:7666 was obtained by summing Eq. (24),
in excellent agreement with the value 0.7665 obtained
from the numerical eigenvalue and the model. Under the
assumption that Eq. (26) with these coeÆcients is a rea-
sonable approximation to ~uz for the other values of rd,
Eq. (24) was then used to calculate Æ0I=rd as a function
of rd=rc. The results, shown as the solid line in Fig. 6,
show that this approximation gives an excellent account
of the ori�ce inertance.
The inertial end correction has also been calculated

for viscometers with a �nite insertion length Li > 0. Un-
fortunately the insertion of the duct end distorts the res-
onator shape so that the contribution Æ00I can no longer be
calculated in a simple way. Instead, the full inertial end
correction must be calculated for each resonator geom-
etry, using the numerical eigenvalues and an equivalent
circuit with the input impedances of the chambers equal
to �c2=i!Vc. Results as a function of Li=Lc are shown in
Fig. 7 for a typical viscometer. The inertial end correc-

Li=Lc

�I
rd

0:0 0:2 0:4 0:6 0:8

0:8

0:7

FIG. 7. Inertial end correction as a function of inser-
tion length Li, for a viscometer with Lc = rc = Ld=2,
rd=rc = 0:05, and r0

d=rc = 0:075.

tion decreases initially as Li increases from zero, reaches
a minimum, and then increases again as the interaction
with the back wall of the chamber increases. When the
duct end is near the center of the resonator it most closely
approximates an unba�ed end, with maximum distance
to the chamber walls. The minimum value exceeds the
value of Levine and Schwinger9 for an unba�ed duct of
zero thickness because the �nite thickness of the duct act-
s as a partial ba�e. The dependence on duct thickness
is shown in Fig. 8. For each value of the fractional duct
thickness (r0d � rd)=rd, the end correction ÆI was found
to be a linear function of rd=rc, and consistent with the
trend in Fig. 6. The data were extrapolated to zero duct
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FIG. 8. Inertial end correction as a function of fractional
duct thickness (r0

d�rd)=rd, for rd=rc equal to 0.1, 2, 0.075, �,
0.05, �, and extrapolated to zero, +. The single solid circle
� represents the result of Levine and Schwinger in the limit
of zero duct thickness. The other resonator dimensions were
Lc = 2rc, Ld = 5rc=2, and Li = rc=2.

thickness to obtain the top curve in Fig. 8, which appears
to smoothly approach the Levine-Schwinger value of 0.61
for zero fractional duct thickness.

B. Acoustic ow in the duct

The resonance frequencies of Greenspan viscometers
are typically much lower than the cuto� frequencies for
higher modes of a duct. Accordingly, near the center
of the duct, the eigenvector is expected to be well ap-
proximated by a multiple of sin kz, and the tangential
derivative by a multiple of cos kz. Insight into the diver-
gent ow near the ori�ce can be gained by looking at the
di�erence between �0 in the duct and the best approx-
imation A cos kz. This di�erence ��0 = �0 � A cos kz
is plotted in Fig. 9. The constant A was determined by
a �t to �0 for z < Ld=4. The �gure shows that the d-
i�erence is smooth over �ve orders of magnitude. The
divergent behavior of the tangential derivative near the
ori�ce is evident. The complete solution in the duct can
be expressed as the sum of the propagating mode and
an in�nite number of evanescent modes, the latter ap-
proximately proportional to exp(�z0n�z=rd), where �z
is the distance from the ori�ce edge. The line in Fig. 9,
which is proportional to the n = 1 evanescent wave, is
clearly a good approximation to the plotted data in an
intermediate range away from the ori�ce but above the
digital noise farther into the duct. This agreement pro-
vides further support for the correctness of the numerical
calculations.

 0

�z=rd

��0

10�1

10�2

10�3

10�4

10�5

10�6

�2 �1

FIG. 9. Di�erence ��0 = �0 � A cos kz, between the tan-
gential derivative of the velocity potential in the duct and
A cos kz, plotted as a function of the distance �z from the
ori�ce edge, for a viscometer with Lc = rc = Ld=2 and
rd=rc = 0:1. The constant A was determined by a �t to
�0 well within the duct. The di�erences near the ori�ce can
be expressed in terms of an in�nite sum of evanescent waves.
The decay constant for the most-slowly decaying evanescent
wave is shown as a solid line.

C. Ori�ce resistance

For each set of numerical calculations, the ratio ÆR=Æv
was calculated using Eqs. (5){(7). The integral for P
was calculated from the cubic representation of �0 on
each element and the numerically determined values of
�j and �0j . The results are shown in Fig. 10 for the
�ve series of resonators with duct ends ush with the
chamber wall. For small duct radii, the ori�ce resistance
parameter approaches 0:909 � 0:001 for all series. The
contribution from outside the duct approaches 0:499, and
the contribution from inside the duct approaches 0:410.
The ori�ce resistance parameter was calculated as a

function of insertion length for one case. The results are
shown in Fig. 11. As the duct insertion increases from ze-
ro, the ori�ce resistance begins increasing rapidly, reaches
a plateau, and then rises further as the duct end nears the
back wall of the chamber. The initial increase is a trend
toward an unba�ed duct end. When the duct is ush
with the chamber wall the local �eld approximates that
near an in�nite ba�e, where there is a single integrable
singularity in the square of the tangential velocity. When
the duct extends into the chamber there is a second sin-
gularity of the same order at the outer corner of the duct
end. The numerical coeÆcient of the outer singularity
increases as the duct wall thickness decreases. When the
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FIG. 10. Ori�ce resistance parameter as a function of duct
radius, for �ve Greenspan viscometers with L1 = 0; Series A,
�; B, �; C, Æ; D, +; E, �.

Li=Lc

�R
�v

0:0 0:2 0:4 0:6 0:8

0:9

1:0

FIG. 11. Ori�ce resistance parameter as a function of in-
sertion length Li, for a viscometer with Lc = rc = Ld=2,
rd=rc = 0:05, and r0

d=rc = 0:075.

duct gets very thin, the combination of singularities ap-
proximates the stronger singularity of an in�nitesimally
thin duct, so that the ori�ce resistance increases with
decreasing duct thickness, as shown in Fig. 12.

D. Rounded corners

The e�ects of rounding sharp reentrant corners on the
inertial and resistive end corrections have been investi-
gated. The sharp ori�ce edge was replaced by a quarter-
circular arc of radius rchf . Ori�ce inertance and resis-

(r0

d
� rd)=rd

�R
�v

0:0 0:5 1:0

1:0

1:5 2:0

1:2

FIG. 12. Ori�ce resistance parameter as a function of rela-
tive duct thickness (r0

d�rd)=rd, for a resonator with Lc = 2rc,
Ld = 5rc=2, and Li = rc=2. Calculations were made for rd=rc
equal to 0.1, 0.075, and 0.05. The dependence of ÆR=Æv on
rd=rc was negligible.

tance parameters were calculated as a function of rchf
for a large variety of conditions. The resistive end cor-
rections were found to scale according to

ÆR(rchf) = ÆR(0)[1�
1
3 (rchf=rd)

1=3]: (27)

The inertial end correction was only weakly dependent
on chamfering, as expressed by the scaling law

ÆI(rchf) = ÆI(0)[1� 30:3(rchf=rc)
4=3]: (28)

The occurrence of the chamber radius in the latter sug-
gests that the e�ect is associated with the slope in Fig. 6
rather than the intercept.
The deceases of both ÆR and ÆI by rounding of the

sharp corners is qualitatively consistent with the trend
observed in Thurston's measurements of the e�ects of se-
vere beveling and rounding on the impedance of ori�ces in
thin plates.18 A more quantitative test was made during
the development of the Greenspan viscometer.2 The ends
of a duct were chamfered slightly, so that rchf=rd � 0:07.
The corresponding decrease in ÆR predicted by Eq. (27) is
14%, which was con�rmed experimentally within about
4%. The predicted and observed changes in ÆI were less
than 1%.

VI. CONCLUDING REMARKS

The boundary-integral-equation formalism described
here has been shown to be a useful technique for cal-
culating the acoustic �eld within Greenspan viscometer-
s, including the singular e�ects near reentrant corners.
The resulting acoustic solutions were used together with
a boundary-layer approximation for the vorticity mod-
e to determine the inertial and resistive components of
the lumped acoustic impedances associated with the duct
ends. Limiting cases of the results were shown to agree
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with known results for ba�ed and unba�ed duct end-
s. The reduction of the acoustic resistance at duct ends
was found to follow a power law. In future application-
s, the results can be applied to the design of duct ends
with rounded edges to minimize the maximum tangential
velocity, a possible source of nonlinear e�ects.
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APPENDIX A

An expression for the acoustic input impedance of a
circular ori�ce in one end of a cylindrical chamber is de-
rived in this section. The cylinder has rigid walls at
r = rc, z = 0, and z = Lc. The ori�ce is at z = 0,
r � rd. The normal component of the acoustic velocity
in the plane of the ori�ce is uz(r). The acoustic pressure
in the chamber can be expressed using Green's theorem

p(r0) = 2�i!�

Z rd

0

uz(r)G(r; r
0)r dr: (A1)

The Green's function is

G(r; r0) =
X
nl

�l�nl(r; z)�nl(r
0; z0)

�r2cLc[J0(z0n)]2(k2nl � k2)
; (A2)

where �l = 2�Æl0 is the Neumann symbol, the eigenfunc-
tions are

�nl = J0(z0nr=rc) cos(l�z=Lc); (A3)

the eigenvalues are

k2nl = (�0n=rc)
2 + (l�=Lc)

2; (A4)

Jm(�) is a Bessel function, and �0n the nth root of
J 00(�) = �J1(�) = 0. The speci�c acoustic input
impedance of the ori�ce is the ratio of the mean pres-
sure in the ori�ce hpi to the volume velocity huziAd. The
mean pressure can be obtained by averaging

p(r; z) = (A5)

2i!�huzir
2
d

r2cLc

X
nl

�lAn

[J0(�0n)]2
J0(�0nr=rc)

(�0n=rc)2 + (l�=Lc)�k2
;

where

An =

Z rd

0

~uz(r
0)J0(�0nr

0=rc)r dr (A6)

and ~uz is uz=huzi. Note that A0 =
1
2 , so that the n = 0

sum can be split o�. The input impedance of the chamber
is

Z in =
hpi

�chuzi
=

i!�

Ad

r2dLc

�2r2c
S(ikLc=�) (A7)

+
i!�

Ad

4irdLc

�2rc

1X
n=1

AnJ1(�0nrd=rc)

�0n[J0(�0n)]2
S(�n);

where

S(�) =

1X
l=0

�l
l2 + �2

= (�=�) coth(��);

�n = �0nLc�n(�rc)�n;

�n =
p
1� (krc=�0n)2 � 1:

The input impedance is the sum of two terms equivalent
to Eqs. (17) and (18).

APPENDIX B

Consider the integral equation (10) for axisymmetric
problems with source points r(t) = (r; z; �) and �eld
points r(t0) = (r0; z0; 0). The distance R = jr(t) � r(t0)j
is

R(t0; t; �) =

q
r2 + r02 � 2rr0 cos�+ (z � z0)2: (B1)

The area element is dS = r d� hdt, where

h(t) = ds=dt =
p
(dr=dt)2 + (dz=dt)2:

For solutions independent of �, Eq. (10) can be integrated
over � to obtain Eq. (12), where the kernel is

gn(t
0; t) = n(t) �

Z 2�

0

rR
d

dR

�
exp(ikR)

R

�
d�: (B2)

The basis set for approximate solutions of Eq. (12) can
be de�ned as follows. The parameter t is scaled so that
the jth element corresponded to j�1 � t � j. The local
coordinate on element j is �j = t� j + 1. The functions
Hj
m(�j) are de�ned to vanish for �j < 0 and �j > 1, and

to equal Hm(�j) on element j, where

H1(�) = 1� 3�2 + 2�3;
H2(�) = �(1� �)2;
H3(�) = 3�2 � 2�3;
H4(�) = ��2(1� �):

(B3)

The linear combination

	(t) =

NX
j=1

[�j�1H
j
1(�j) + hj�

0

j�1H
j
2(�j)

+�jH
j
3(�j) + hj�

0

jH
j
4(�j)] (B4)

interpolates � and its derivative �0 with respect to arc
length at all nodes. This form was used to approximate
the solution �(t). For the linear and circular elements
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used in this work the derivative 	0 is continuous at all
nodes. As noted in the main text, a series expansion of
Eq. (15) through order js � sC j

2 was used instead of E-
q. (B4) on elements adjacent to a reentrant corner. The
form of the expansion insured continuity of 	 at the reen-
trant corners, but not of the derivatives. The form of the
expansion was chosen to match � and �0 at the adjacent
nodes.
A numerical approximation to the integral equation

(12) was obtained by using Eq. (B4) to approximate �,
and requiring that the approximate form hold at theN+1
nodes t0i. This yielded a set of N + 1 linear equations of
the form

�
i�i =

NX
j=0

[Bij�j + Cij�
0

j ]; (B5)

with suitably de�ned Bij and Cij determined by integra-
tions of the kernel over the elements. Continuity of 	00

at all non-reentrant internal nodes requires

6(�j�1 ��j)=h
2
j + 2(�0j�1 + 2�0j)=hj =

�6(�j ��j+1)=h
2
j+1 � 2(2�0j +�0j+1)=hj+1: (B6)

An alternative condition for reentrant corners was ob-
tained by using the values of 	00 from the series expan-
sion of 	 on the singular elements, and matching these to
values on the adjacent nodes. As explained in the main
text, these equations were supplemented by conditions
on the �rst and last elements to permit a solution in the
form of Eq. (13), which was then used to eliminate the
derivatives from Eq. (B5) to obtain Eq. (14).
The matrix elements were calculated using the Quad-

pack adaptive numerical quadrature routine qnda.28 Spe-
cial care was taken with the weakly singular integrals
which occurred when the range of integration included
the collocation point t0j . The singularities were of the
logarithmic form, and were handled using identities sim-
ilar to

Z 1

0

f(t) log t dt =

�f(0) +

Z 1

0

[f(t)� f(0)] log t dt:

This procedure separated out the singular contribution
and permitted the use of a non-singular quadrature rou-
tine for the remaining integration. The error limits for
the adaptive quadrature were set as low as feasible for
IEEE double precision computations. No e�ort was made
to optimize the speed of calculation by relaxing the error
limits. SuÆcient checks were made to insure that the ac-
curacy of the quadrature did not inuence the accuracy
of the results.
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